We give a characterization of those Alexandrov spaces admitting a cohomogeneity one action of a compact connected Lie group G for which the action is Cohen-Macaulay. This generalizes a similar result for manifolds to the singular setting of Alexandrov spaces where, in contrast to the manifold case, we find several actions which are not Cohen-Macaulay.
Introduction
It is the goal of this article to bring together Riemannian and metric geometry (in the form of cohomogeneity one Alexandrov spaces) with the concept of Cohen-Macaulay modules from commutative algebra. The connection will be established by considering the equivariant cohomology algebras of the cohomogeneity one actions and by analyzing their algebraic features. For this we present some new approach to the field by transcribing equivariant cohomology to the realm of rational homotopy theory and by using algebraic models for cohomogeneity one spaces. This finally permits concrete computations. As an outcome we shall characterize those cohomogeneity one G-actions on Alexandrov spaces whose equivariant cohomology is Cohen-Macaulay.
Equivariant cohomology H * G (X; Q) is an elaborate tool to study transformation groups on CW-complexes X. Recall that it can be defined as the cohomology of the Borel construction X G ∶= X × G EG, i.e. H * G (X; Q) = H * (X × G EG). It is of special interest when it happens to be particularly "simple". Various notions of such "simplicity" can be found in the literature, maybe most prominently featuring the term "equivariant formality". The content of the latter is that as H * (BG; Q)-module the equivariant cohomology H * G (X; Q) splits as a product of the cohomology of X and the classifying space of G, i.e. H * G (X; Q) ≅ H * (X; Q)⊗H * (BG; Q). Equivalently, the Leray-Serre spectral sequence of the Borel fibration X ↪ X G → BG degenerates at the E 2 -term. This arises in several situations, including geometrically relevant contexts like simply-connected compact Kähler manifolds or Hamiltonian torus actions. Moreover, by Chang-Skjelbred and Atiyah-Bredon this property in the case of torus actions allows to reconstruct equivariant cohomology from lower dimensional orbit strata.
However, by standard localisation results an equivariantly formal torus action necessarily comes with fixed points, and clearly, therefore excludes free actions. There have been several attempts in the literature to provide variations to this notion. One, presented in [GR11] , is the notion of a Cohen-Macaulay G-action. Recall that a module over a ring is said to be Cohen-Macaulay if its dimension equals its depth (see Section 5 for further details). This is a prominent and abundant concept in Algebraic Geometry which, for example, can be used to suitably generalize regular schemes, etc. In the graded context applied to the equivariant cohomology algebra H * G (X; Q) considered as an H * (BG; Q)-module, it yields the definition of a Cohen-Macaulay G-action. Note that, in particular, this does comprise free G-actions on the one hand, and is readily implied by equivariant formality on the other hand.
In [GM14, GM17] it was shown that homogeneous spaces and cohomogeneity one manifolds are Cohen-Macaulay. For this recall that a manifold is of cohomogeneity one (obviously generalising transitive G-actions) if it permits a smooth G-action with an orbit of codimension one.
We recall that due to the existence of a biinvariant metric on a compact Lie group together with a theorem by O'Neill homogeneous spaces are the prime examples of manifolds with non-negative sectional curvature. Moreover, under certain restrictions such non-negatively curved metrics were also found on large classes of cohomogeneity one manifolds, and these spaces recently have led to the discovery of new positively curved examples.
We remark that there has always been an intriguing and deep interplay between Riemannian manifolds with such lower curvature bounds and the existence of symmetries upon them. On many known examples isometry groups are rather large. Hence it seems reasonable to speculate about the topological nature of such actions of compact Lie group actions. Let us propose one conjecture in this direction.
Conjecture 1.1. Suppose a compact Lie group G acts isometrically on the simply-connected manifold (M, g) of positive sectional curvature. Then the action is equivariantly formal.
As one motivation for the conjecture recall that the action is equivariantly formal if and only if so is the induced action by the maximal torus T ⊆ G. Note further that if M is even-dimensional, the Hopf conjecture speculates that χ(M ) > 0. A confirmation of the Bott conjecture would make M rationally elliptic, whence, both taken together, would imply that H * (M ; Q) = H even (M ; Q) by the structure theory of such positively elliptic spaces. Since also H * (BG, Q) is concentrated in even degrees the spectral sequence of the Borel fibration degenerates at the E 2 -term for degree reasons. Note further that the "fixed-point-obstruction" to equivariant formality in positive curvature is removed by the Weinstein fixed-point theorem applied to a topological generator of T .
We recall that a Cohen-Macaulay action with a fixed-point is known to be equivariantly formal whence the concepts agree for even dimensional positively curved manifolds by the Weinstein fixed-point theorem.
Alexandrov spaces are metric spaces generalising manifolds with a lower curvature bound basically using the purely metric Toponogov characterization of sectional curvature bounds as a definition. They are of particular importance as they close the category of manifolds with lower curvature bounds under Gromov-Hausdorff convergence or quotients of compact Lie group actions. Both their geometry and topology has undergone intense studies. Investigating their equivariant cohomology, however, still seems to be a rather new and interesting field. In particular, we may consider cohomogeneity one Alexandrov spaces defined in complete analogy to the manifold setting.
Several properties from non-negatively/positively curved manifolds can be transferred to Alexandrov spaces. Hence it is natural to think about the above conjecture within the setting of positively curved Alexandrov spaces. Here, however, one finds an immediate easy counterexample provided by the standard cohomogeneity one action of SU(3) on the spherical suspension Susp(W 7 1,1 ) of W 7 1,1 . It is easy to see that this action is actually not even Cohen-Macaulay.
We can motivate Conjecture 1.1 further by actually showing that in order to prove equivariant formality we only need to prove the Cohen-Macaulay property.
Remark 1.2. If X is a cohomogeneity one Alexandrov space, then X is Cohen-Macaulay if and only if it is equivariantly formal provided that χ(X) ≠ 0 in the case when dim X is odd-see Proposition 7.3.
This further provides good motivation to analyze which cohomogeneity one Alexandrov spaces actually are Cohen-Macaulay. We can provide the following characterizations.
Theorem A. Let X be a closed simply-connected Alexandrov space and G be a compact connected Lie group which acts on X by cohomogeneity one with a group diagram (G, H, K − , K + ), where the classifying spaces of the isotropy groups H, K − , and K + are Sullivan spaces. Then H * G (X, Q) is a Cohen-Macaulay H * (BG, Q)-module if and only if one of the following statements holds.
(
Theorem B. Choose positively curved homogeneous spaces F + and F − such that F ± can be written as a quotient of compact Lie groups whose classifying spaces are Sullivan spaces. Then there exists a cohomogeneity one Alexandrov space with group diagram (G, H, K − , K + ) such that the classifying spaces BH, BK ± are Sullivan spaces and F ± ≈ K ± H which is NOT Cohen-Macaulay if and only if • rank H < max{rank K − , rank K + }, and • K ± H ∈ {W 7 p,q Γ, B 13 , M even }, where, M even is an even-dimensional positively curved homogeneous space, W 7 p,q Γ is a positively curved homogenous space whose universal covering space is the Aloff-Wallach space W 7 p,q and B 13 is the 13-dimensional Berger space. Remark 1.3. We remark that in order to prove this result we do extend known models for homogeneous spaces G H of compact Lie groups to the case that G is connected and BH is a Sullivan space (yet H not necessarily connected). In particular, we prove that odddimensional positively curved homogeneous spaces are rationally nilpotent (see Proposition 3.25).
From the latter observation on odd-dimensional positively curved homogeneous spaces one directly derives that they are all Sullivan spaces, in particular. We do not know, however, if this implies that in Theorems A and B we can drop the condition that BH, BK − , and BK + be Sullivan spaces.
As a corollary of Theorem A we can generalize the positive result that cohomogeneity one actions on manifolds are Cohen-Macaulay to orbifolds.
Theorem C. Let X be a closed simply-connected smooth orbifold and G be a compact connected Lie group which acts on X by cohomogeneity one with a group diagram (G, H,
where the classifying spaces of the isotropy groups H, K − , and K + are Sullivan spaces. Then H * G (X, Q) is a Cohen-Macaulay H * (BG)-module. This allows us to provide the following schematic diagram of cohomogeneity one spaces. On the upper half we specify the cohomogeneity one space, on the lower have the fibres K ± H. For the inner two shells the cohomogeneity one action is known to be Cohen-Macaulay due to [GM14] and [GM17] . Under mild technical assumptions we hence provide this for orbifolds, and first examples of non-Cohen-Macaulay actions can be found in the outer shell of Alexandrov spaces.
Note that in the Riemannian setting cohomogeneity one actions are special cases of hyperpolar actions. In [GNM18] the authors generalize the results to hyperpolar actions on symmetric spaces of compact type. More generally, in [CGHM18] the authors provide a formula to compute the equivariant cohomology ring of a double mapping cylinder. Then they apply the formula to compute the equivariant cohomology ring of a cohomogeneity one action of a compact Lie group G on a manifold M with a group diagram (G, H, K − , K + ) imposing an orientability condition on the fibrations BK ± → BH.
Let us quickly sketch the principal ideas for proving our main Theorems In analogy to the manifold case, cohomogeneity one Alexandrov spaces with a group diagram (G, H, K − , K + ) admit a decomposition as a double mapping cylinder, i.e. as two mapping cylinders over the singular orbits which we glue at the common principal orbit G H. The double mapping cylinder decomposition gives us the platform to carry out the proof. It is worth mentioning that for the group diagram (G, H, K − , K + ) the spaces K − H and K + H are positively curved homogeneous Alexandrov spaces and hence positively curved homogeneous spaces (see Theorem 2.4). For their classification upon which our proof builds see [WZ18] .
The upshot of the proof is to identify when the induced morphism H * (BK ± , Q) → H * (BH, Q) is injective respectively surjective, and, in particular, to connect this to the property of being Cohen-Macaulay On the one hand, we draw on the known techniques, which we adapt to the setting of Alexandrov spaces, in order to present sufficient conditions for equivariant cohomology to be Cohen-Macaulay. On the other hand, we draw new ideas and techniques from rational homotopy theory which provide us with a concrete understanding of the Cohen-Macaulay property. This then allows us to provide tailored arguments by which we can decide whether this property holds or not.
More precisely, the double mapping cylinder decomposition of X gives a rational model for equivariant cohomology. It enables us to get control on the structure of equivariant cohomology, in particular, to rule out some positively curved homogeneous spaces as candidates for the normal fibers of a cohomogeneity one Cohen-Macaulay Alexandrov spaces. We point out that it is one neat feature of the proof that it is then indeed possible to see explicitly how regular sequences and prime ideals are related and interact in these situations.
We hope that this new explicit description will come in handy for many further problems in this area and may constitute a helpful toolset.
Structure of the article. In Section 2 we recall the definition of Alexandrov spaces and review some basic facts about cohomogeneity one Alexandrov spaces. In Section 3 we collect the relevant information about rationally nilpotent and Sullivan spaces needed for our arguments. The algebraic model for the equivariant cohomology of a cohomogeneity one Alexandrov space, which is the cornerstone of the proof of Theorem A, is presented in Section 4. In Section 5 we recall the definitions and basic facts of Cohen-Macaulay modules. Section 6 is devoted to the proof of main theorems. In Section 7 we turn our attention to positively curved cohomogeneity one Alexandrov spaces and show that when the Euler characteristic of the space in nonzero, equivariant formality and the Cohen-Macaulay property agree.
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Cohomogeneity one Alexandrov spaces
In this section, we recall some definitions and basic facts about Alexandrov spaces and Alexandrov spaces with isometric group actions.
Definition 2.1. A finite (Hausdorff) dimensional length space (X, d) has curvature bounded below by k, denoted by curv(X) ≥ k, if every point x ∈ X has a neighborhood U such that, for any collection of four different points (x 0 ; x 1 , x 2 , x 3 ) in U , the following condition holds:
Here,∠ k x i x 0 x j , called the comparison angle, is the angle atx 0 in the geodesic triangle in M 2 k , the simply-connected Riemannian 2-manifold with constant curvature k, with vertices
An Alexandrov space is a complete length space with finite (Hausdorff) dimension and curvature bounded below by k for some k ∈ R.
Note that in this case Hausdorff dimension is actually a non-negative integer. If (M, g) is a complete Riemannian manifold with sectional curvature bounded below by k, then it follows from Toponogov's Theorem that (M, d) is an Alexandrov space with curv(X) ≥ k, where d is the distance on M induced by g. Therefore, Alexandrov spaces are a synthetic generalization of complete Riemannian manifolds with lower sectional curvature bounds.
The space of directions of a general Alexandrov space X n of dimension n at a point x is, by definition, the completion of the space of geodesic directions at x. Recall that two geodesics emanating from x define the same geodesic direction if the angle between them is zero (see [BBI01, Page 100]). We will denote it by Σ x X n . It is a compact Alexandrov space of dimension n − 1 with curvature bounded below by 1.
For an n-dimensional Alexandrov space X, Fukaya and Yamaguchi proved in [FY94, Theorem 1.1] that Isom(X), the isometry group of X, is a Lie group. Moreover, if X is compact and connected, then Isom(X) is compact (see [DW28, Page 370, Satz I]). As in the Riemannian case, the maximal dimension of Isom(X) is n(n + 1) 2 and, if equality holds, X must be isometric to a Riemannian manifold (see [GGG13, Theorems 3.1 and 4.1]).
In analogy to locally smooth actions (see [Bre72,  Ch. IV, Section 3]), for an isometric action of a compact Lie group G on an Alexandrov space X there also exists a maximal orbit type G H (see [GGG13, Theorem 2.2]). This orbit type is the principal orbit type and orbits of this type are called principal orbits. A non-principal orbit is exceptional if it has the same dimension as a principal orbit. If it has strictly lower dimension, it is called singular. Now we collect some basic facts on cohomogeneity one Alexandrov spaces. For more details we refer the reader to [GGS11] or [GGZ17] .
Definition 2.2. Let G be a compact connected Lie group which acts isometrically on an Alexandrov space X. Let G(x) be an orbit of X. We define the normal space of directions to G(x), denoted by S ⊥ x as follows
where S x is the unit tangent space to the orbit G(x).
Recall that the orbit space X G of an Alexandrov space X by an isometric action of a group G with closed orbits is again an Alexandrov space (see [BBI01, Proposition 10.2.4]).
Definition 2.3. Let X be a connected n-dimensional Alexandrov space with an isometric action of a compact connected Lie group G. The action is of cohomogeneity one if the orbit space is one-dimensional or, equivalently, if the principal orbit is of dimension n − 1. We call a connected Alexandrov space with an isometric action of cohomogeneity one a cohomogeneity one Alexandrov space.
Since one-dimensional Alexandrov spaces are topological manifolds, the orbit space of a cohomogeneity one Alexandrov space is homeomorphic to a connected 1-manifold (possibly with boundary). If X is a closed Alexandrov space, i.e. compact without boundary, it must be either a circle or a closed interval. When the orbit space is homeomorphic to [−1, 1], there are three types of isotropy groups: by the Isotropy Lemma (see [GGG13, Lemma 2.1]) and the fact that principal orbits are open and dense the orbits corresponding to the interior of [−1, 1] are all of the form G H up to conjugation of H, the principal isotropy group. The non-principal orbits corresponding to ±1 are of the form G K ± with exceptional respectively singular isotropy groups K ± . It follows that K − ⊇ H ⊆ K + and the group diagram (G, H, K − , K + ) formed by groups and inclusions then whenever it can be realized as a cohomogeneity one Alexandrov space uniquely determines its homeomorphism type (see Theorem 2.4 for a characterization of when it can be realized). Note further that (G, H, K − , K + ) and (G, H, K + , K − ) are G-equivariantly homeomorphic.
Indeed, let us recall that H is a proper subgroup of K ± . It suffices to show that if dim K ± = dim H, then K ± ≠ H. Actually, in this case, the normal space of directions S ⊥ satisfies S ⊥ = S 0 with a transitive action of K ± with isotropy H. Hence K ± H = S 0 , which shows that K ± ≠ H.
The following theorem determines the structure of closed cohomogeneity one Alexandrov spaces with orbit space an interval.
Theorem 2.4 ([GGS11, Theorem A]). Let X be a closed Alexandrov space with an effective isometric G-action of cohomogeneity one with principal isotropy H and orbit space homeomorphic to [−1, 1]. Then X is the union of two fiber bundles over the two singular orbits whose fibers are closed cones over positively curved homogeneous spaces, that is,
The group diagram of the action is given by (G, H, K − , K + ), where K ± H are positively curved homogeneous spaces. Conversely, a group diagram (G, H, K − , K + ), where K ± H are positively curved homogeneous spaces, determines a cohomogeneity one Alexandrov space.
We remark that this can equivalently phrased by using that a map f ∶ X → Y between two topological spaces up to homotopy can be deformed into the inclusion X ↪ M f ≃ Y into the mapping cylinder at time 0. The gluing above then corresponds to gluing the respective two mapping cylinders of the bundles G H → G K ± at time 1 in order to obtain the so-called double mapping cylinder (see [GH87] ).
We further remark that we may refer to K ± H as the singular normal fibers.
Remark 2.5. As we stated already in the introduction, the theory of closed cohomogeneity one Alexandrov spaces extends the one of closed cohomogeneity on manifolds. Indeed, recall that the theorem we presented for Alexandrov spaces has its original counterpart in the category of smooth manifolds (where group diagrams actually determine cohomogeneity one manifolds up to diffeomorphism). That is, given a group diagram with normal fibers smooth spheres we may realize it as a cohomogeneity one manifold. Furthermore, by choosing standard metrics we do this in such a way that the normal spheres are round whence they are positively curved. Thus, up to G-equivariant homeomorphism, such a closed cohomogeneity one manifold is a cohomogeneity one Alexandrov space by Decomposition (2.1). The analog holds true when replacing manifolds by orbifolds (see [GA16] ), i.e. singular normal fibers are no longer necessarily smooth spheres but spherical space forms.
Positively curved homogeneous spaces originally have been classified by Wallach and Bérard-Bergery (see [WZ18] for a modern, self-contained, complete proof). In the simply-connected case these are classified to come out of the list of compact rank one symmetric spaces, flag manifolds W 6 , W 12 , W 24 , Aloff-Wallach spaces W 7 p,q and Berger spaces B 7 and B 13 . Whilst B 7 is rationally a sphere, note that W 7 p,q has the rational type of S 2 × S 5 and B 13 is rationally a CP 2 × S 9 (see Section for the definition of rational type).
We conclude this section by special examples of cohomogeneity one Alexandrov spaces that we need later in the article.
Definition 2.6 (Suspension action). Let (X, d) be an Alexandrov space with curvature bounded from below by 1. Define the spherical suspension over (X, d) by Susp(X) = X×[0,π] ∼ (where ∼ contracts X × {0} and X × {π} to a point respectively) together with the positively curved suspension metric. Let G be a Lie group which acts isometrically on an Alexandrov space X. The action of G on Susp(X) is called the suspension action if G acts on Susp(X) by
Proposition 2.7. [GGZ17, Proposition 2.27] Let G act transitively on a positively curved homogeneous space M with isotropy group H. Then the suspension action of G on Susp(M ) is of cohomogeneity one with diagram (G, H, G, G). Conversely, a cohomogeneity one action of G with the above group diagram, and G H a positively curved homogeneous space, is equivariantly homeomorphic to the suspension action of G on Susp(G H).
be two Alexandrov spaces with curvature bounded below by 1. The (topological) join of X and Y is the space
where (x 1 , y 1 , t 1 ) ∼ (x 2 , y 2 , t 2 ), if and only if t 1 = t 2 = 0 and x 1 = x 2 or t 1 = t 2 = π 2 and y 1 = y 2 . We endow X * Y with a metric defined by
The space (X * Y, d) is the spherical join of (X, d X ) and (X, d Y ) and is an Alexandrov space with curv ≥ 1.
Let G 1 and G 2 be two Lie groups which act on Alexandrov spaces X 1 and X 2 , respectively.
Proposition 2.9. [GGZ17, Proposition 2.28] If two Lie groups G 1 and G 2 act transitively on positively curved homogeneous spaces M 1 and M 2 with isotropy groups H 1 and H 2 , respectively, then the join action of G = G 1 × G 2 on M 1 * M 2 is of cohomogeneity one with the following diagram:
Conversely, a cohomogeneity one action of G 1 × G 2 with the above group diagram, and G i H i positively curved homogeneous spaces, for i = 1, 2, is equivalent to the join action of G on (G 1 H 1 ) * (G 2 H 2 ).
Rationally nilpotent and Sullivan spaces
This section cannot provide an introduction to rational homotopy theory. For an elaborate discussion of the latter we refer the reader to [FHT01] and [FHT15] .
Here, let us merely recall some concepts relevant for this article. The main objects in the version of rational homotopy theory elaborated by Sullivan are commutative differential graded algebras (A, d) together with their morphisms respectively cochain algebras, i.e. those which are concentrated in non-negative degrees. One special class of such morphisms are so-called quasi-isomorphisms, i.e. those which induce isomorphisms on cohomology. We call two commutative differential graded algebras (A, d) and (B, d) weakly equivalent if there is a chain, a zig-zag, of quasi-isomorphisms
Definition 3.1. [FHT01, Section 12, Page 138] A Sullivan algebra is a commutative cochain algebra of the form (ΛV, d) where
• V = {V p } p≥1 and, ΛV denotes the free graded commutative algebra on V ;
. is an increasing sequence of graded subspaces such that
from a Sullivan algebra (ΛV, d).
We now relate topological spaces to the theory of commutative cochain algebras. This transmission is carried out via the Sullivan's functor A P L which is defined based on a simplicial construction mimicking the algebra of differential forms on a smooth manifold. Throughout the article we freely use this functor and refer the reader to [FHT01, Section 10] for more details.
Recall that we refer to two (not necessarily nilpotent) spaces X, Y as being rationally equivalent or of the same rational homotopy type, if the differential graded algebras of polynomial diffferential forms A PL (X) and A PL (Y ) are weakly equivalent. (In order to avoid confusion, let us state here already that we shall only apply this definition to Sullivan spaces such that it does become a reasonable definition in the sense that it preserves rational homotopy groups for example.) 
. . is and increasing sequence of graded subspaces such that
A Sullivan model for ϕ is defined as follows: 
If B = Q, then we merely say that ϕ 0 and ϕ 1 are homotopic. 
Definition 3.10. A Sullivan algebra of the form (Λ(U ⊗ dU ), d), where d∶ U → dU is an isomorphism, is called contractible.
Theorem 3.11. [FHT01, Theorem 14.9] Let (B ⊗ ΛV, d) be a relative Sullivan algebra. Then the identity of B extends to an isomorphism of cochain algebras,
Remark 3.13. Recall that up to homotopy any morphism of cochain algebras can be made surjective via "the surjective trick" (see [FHT01, Page 148]), i.e. in the standard model category morphisms are homotopic to fibrations.
After a quick review of the basics of rational homotopy theory, we recall the definitions of Sullivan spaces and rationally nilpotent spaces. We refer the reader to [FHT15, Chapters 7 and 8] for more details.
Let (X, * ) be a path-connected space. Let (ΛV, d) be its minimal Sullivan model with a quasi-isomorphism m X ∶ (ΛV, d) → A P L (X). Then as in [FHT15, Section 1.8] one can construct linear maps
where the groups π k (ΛV, d) are the homotopy groups of (ΛV, d) (see [FHT15,  Page 35] for the definition). If X is simply-connected and if H * (X, Q) is a graded space of finite type, i.e. dim H i (X, Q) < ∞, for all i ≥ 0, then the linear maps π k (m X ), k ≥ 2, are all isomorphisms. This may no longer be true if X is not simply-connected. When it is true, then the Sullivan model of X reflects the homotopy invariants of X. Thus, we have the following definition. 
Recall that if G is a group, then the lower central series of G is defined by
i) Every nilpotent group is rationally nilpotent. ii) Let G be a finite group. Then by [Wei94, Corollary 6.5.9], H p (G, Q) = 0, for all p ≠ 0.
Therefore, G is rationally nilpotent, for H * (BG,
is a rationally nilpotent group which acts nilpotently on each π n (Ỹ ) ⊗ Q, whereỸ is the universal covering space of Y .
The following Proposition shows that rationally nilpotent spaces are indeed Sullivan spaces. where π and σ are weak homotopy equivalences. By Part (i) and [FHT15, Diagram (7.4), Page 197] we have that A P L (j) is a quasi-isomrphism, and therefore,
Corollary 3.21. Let H be a compact Lie group whose classifying space BH is a Sullivan space. Then the minimal Sullivan model of BH is isomorphic to the minimal Sullivan model of BH 0 , and the map A P L (Bι) is a quasi-isomorphism, where H 0 is the identity component of H and ι∶ H 0 → H is the inclusion.
Proof. Note that Bι∶ BH 0 → BH is the universal covering map of BH. The result now follows from Proposition 3.20.
Proposition 3.22. Let (X, * ) be a connected Sullivan CW complex with finite fundamental group. Then any covering of (X, * ) is a Sullivan space.
Proof. Let (X, * ) be a covering of (X, * ) and (X, * ) be their universal cover. Since π 1 (X, * ) is finite, so is G = π 1 (X, * ). Hence a Sullivan 1-model for the classifying space of a finite group G is (Q, 0). Moreover, since H k (BG, Q) = 0, for all k ≥ 1, a Sullivan 1-model for BG is indeed its minimal Sullivan model. Furthermore, the action by covering transformations of G in H * (X, Q) is just the subaction of π 1 (X, * ) via covering transformations in H * (X, Q), which is locally nilpotent since (X, * ) itself is a Sullivan space. Now the result follows from [FHT15, Theorem 7.1]. Now we give a Sullivan model for a homogeneous space G H with G connected. When H is connected as well, this model is known (see for example [FHT01, Proposition 15.16] .) The proof is essentially the same as in the connected case.
Proposition 3.23. Let G be a compact connected Lie group and H a closed subgroup of H whose classifying space BH is a Sullivan space. Then a Sullivan model for G H is given by
where (ΛV BH , 0) is the minimal Sullivan model for BH and (ΛV G , 0) with V G = ⟨v 1 , . . . , v k ⟩ is the minimal Sullivan model for G. The differential d-then extending it as a derivation-is defined by d ΛV BH = 0 and
Proof. Let G → EG → BG be the universal principal G-bundle, and Bι∶ BH → BG be the map induced by the inclusion ι∶ H → G. Then the pullback of this principal G-bundle along Bι is isomorphic to
Further, the projection map Proposition 3.25. Let K H be an odd dimensional positively curved homogeneous space (PCHS for short). Then K H is rationally nilpotent.
Proof. If K H is simply-connected, then it is nilpotent and, in particular, rationally nilpotent. Hence we assume that K H is not simply-connected. By the classification of PCHSs, an odd dimensional non-simply-connected PCHS is covered by S 2n+1 or by an Aloff-Wallach space W 7 p,q . First note that by the Lefschetz Fixed Point Theorem, every homeomorphism f ∶ S 2n+1 → S 2n+1 which does not have a fixed point is orientation-preserving. Therefore, the every covering transformation of the covering S 2n+1 → S 2n+1 Γ is homotopy equivalent to the identity, and hence induces the identity on homology groups. By Proposition 3.24 we conclude that S 2n+1 Γ is rationally nilpotent since Γ is finite. In the case that the universal covering space is an Aloff-Wallach space, the classification of the isometry groups of simply-connected positively curved homogeneous spaces [Sha01, Subsections 4.8 and 4.9] shows that the deck transformation groups of the coverings W 7 p,q → W 7 p,q Γ are contained in the identity component of the isometry groups. Therefore, each covering transformation is homotopic to the identity and hence induces the identity on homology groups. Similarly, since the fundamental group is finite, Proposition 3.24 gives that W 7 p,q Γ is rationally nilpotent. Remark 3.26. One can prove Proposition 3.25 without using Proposition 3.24 as follows. First note that since the fundamental group of a PCHS is finite, it is rationally nilpotent. Therefore, we only need to prove that the action of the fundamental group of a PCHS on its universal covering (via covering transformations) is nilpotent. As pointed out in the proof of Proposition 3.25, each covering transformation is freely homotopic to the identity (in fact N G (H) H is contained in the identity component of the isometry group of G H-see [Sha01] ). Let f ∶ (X,x 0 ) → (X,x 1 ) be a covering transformation corresponding to [γ] ∈ π 1 (X, x 0 ). Let γ be the lift of γ under the universal covering map emanating fromx 0 . Thusγ connectsx 0 tox 1 . Now usingγ, we can define an isomorphism γ * ∶ π n (X,x 1 ) → π n (X,x 0 )
whereγ.β ∶ (S n , s 0 ) → (X,x 0 ) is the map defined in [Hat02, Page 341]. Notice thatγ.β and β are freely homotopic. Now define the action of the group of covering transformations on π n (X,x 0 ) via the mapγ * ○ f ♯ . We want to show thatγ * ○ f ♯ is the identity map of π n (X,x 0 ). By [Hat02, Proposition 4A.2], there is a bijection
where [S n ,X] is the space of free homotopy classes of maps from S n toX. Since f is freely homotopic to the identity, we have that f ○ α is freely homotopic to α for α ∈ π n (X,x 0 ). 
A model for a double mapping cylinder
Let X be a closed simply-connected cohomogeneity one Alexandrov space with a group diagram (G, H, K − , K + ). In this section, based on [GH87] and [FHT01, Chapter 13], we present a commutative model for the Borel construction X G = EG×X G and then compute the equivariant cohomology of X, i.e., H * (X G , Q), which is isomorphic to the cohomology of this model. Indeed, we show that X G can be expressed as a double mapping cylinder and the model is then a model for a double mapping cylinder. First we recall the description of the model for a double mapping cylinder. We refer the reader to [GH87] and [FHT01, Chapter 13] for more details.
Let (Z, Y ) be a topological pair and f ∶ Y → W be a continuous map. Let W ∪ f Z be the adjunction space-by attaching Z to W along f . Now consider the following diagram.
(4.1)
A P L (Z)
be the fiber product corresponding to Equation (4.1). Now we determine the relation between A P L (Z) × A P L (Y ) A P L (W ) and A P L (W ∪ f Z) as in [FHT01] . First consider the following diagram
Then we have the following morphism
is a quasi-isomorphism. Thus the fiber product is a commutative model for the adjunction space.
Now we pass to Sullivan models. Suppose that the spaces Z, Y, W are path-connected and 
Consider the following commutative diagram of commutative cochain algebras
The following Lemma shows the relation between the fiber products C × B A and C ′ × B ′ A ′ . 
Let X be a closed simply-connected cohomogeneity one Alexandrov space given by the group diagram (G, H, K − , K + ). We now describe a commutative model for X G . First we recall the construction of a model for
according to [GH87] . We define
where C is a contractible algebra and Φ is a surjective map induced by φ (see Remark 3.13), and d is the obvious differential.
Proposition 4.4. Let X be a closed simply-connected cohomogeneity one Alexandrov space given by the group diagram (G, H, K − , K + ). Then X G is homeomorphic to the double mapping cylinder of the following fibrations:
Proof. By Theorem 2.4, X is the union of two cone bundles over the two singular orbits, that is,
Hence, X G is the union of two fiber bundles over BK ± whose fibers are cones over K ± H. That is,
Therefore, X G is the double mapping cylinder of the fibrations
Proposition 4.5. Let X be a closed simply-connected cohomogeneity one Alexandrov space given by the group diagram (G, H, K − , K + ), where the classifying spaces BH, BK − and BK + are Sullivan spaces. Then the equivariant cohomology of X is isomorphic to the cohomology of the following model: 
By excision we have
Therefore, by Proposition 4.1, the fiber product
is a commutative model for A P L (X G ). Further, G K ± is a deformation retract of EG × K ± C(K ± H). If we make the morphism A P L (Bι − )∶ A P L (BK − ) → A P L (BH) surjective (see Remark 3.13), then by Lemma 4.3, the fiber product, A P L (BK − ) × A P L (BH) A P L (BK + ) is quasi-isomorphic to A P L (X G ). On the other hand, by Corollary 3.21, the morphisms A P L (Bi ± )∶ A P L (BK − ) → A P L (BK ± 0 ) and A P L (Bi)∶ A P L (BH) → A P L (BH 0 ) are quasiisomorphisms. Again by Lemma 4.3, and after making the morphism A P L (Bi − ) surjective, we conclude that A P L (BK − 0 ) × A P L (BH 0 ) A P L (BK + 0 ) is quasi-isomorphic to A P L (X G ). Now consider the Sullivan models for BH 0 and BK ± 0 , which are (H * (BH 0 , Q), 0), (H * (BK ± 0 , Q), 0), respectively. Then we use Proposition 4.2 to conclude the result.
Remark 4.6. From now on, we useD to refer to the commutative cochain algebra in 4.3, and we use H(D) to refer to the rational cohomology ofD, i.e., the equivariant cohomology of the cohomogeneity one Alexandrov space.
Cohen-Macaulay modules
In this section we collect some basic information about Cohen-Macaulay modules in general and Cohen-Macaulay actions in particular. We refer the reader to [BH93, GT10, GR11, GM14, GM17] for more detailed information.
Let Let G be a compact connected Lie group which acts continuously on a topological space X with the associated bundle map π ∶ X G → BG. Then the homomorphism
induces an H * (BG, Q)-module structure on H * G (X) ∶= H * (X G , Q) (see for example [Hsi75, Chapter III]).
Definition 5.6. We call X a Cohen-Macaulay space if its equivariant cohomology H * G (X; Q) is an H * (BG, Q)-Cohen-Macaulay module.
Examples and Nonexamples.
(i) Cohomogeneity one (smooth or topological) manifolds are Cohen-Macaulay spaces
, be an Aloff-Wallach space. It is a positively curved homogeneous space. Hence, by Proposition 2.7, Susp(W 7 1,1 ) is a cohomogeneity one Alexandrov space with group diagram (SU(3), S 1 , SU(3), SU(3)). Note that Susp(W 7 1,1 ) is not a cohomogeneity one (topological) manifold (see [GGZ18] for more details). We claim that the equivariant cohomology of Susp(W 7 1,1 ) as an H * (BG)-module is not Cohen-Macaulay. Indeed, by Lemma 5.9, we only need to show that the Krull dimension of the ring H(D) is not equal to its depth. We havẽ
where deg x i = 4, deg y i = 6, i = 1, 2, and deg t = 2. The morphisms Φ∶
where (Λ⟨c, ∂c⟩, ∂) is a contractible algebra as in Theorem 3.11, are defined as follows
One may see that for every element [ξ, η] ∈ H ≥1 (D), we have that [∂c, 0] ⋅ [ξ, η] = 0. Thus depth H * (D, Q) = 0. However, P = {[ξ, 0] ξ ∈ Q[x 1 , y 1 ] ⊗ Λ⟨c, ∂c⟩} is a prime ideal which is strictly contained in m = H ≥1 (D). Therefore, Krdim H(D) ≥ 1.
Remark 5.7. Note that the argument above shows that unlike cohomogeneity one (smooth or topological) manifolds, cohomogeneity one Alexandrov spaces are not necessarily Cohen-Macaulay.
We recall the following Lemma from [GM14]:
Lemma 5.8. [GM14, Lemma 2.5] Let R and S be two Noetherian graded * local rings and let φ∶ R → S be a homomorphism that makes S into an R-module which is finitely generated. If A is a finitely generated S-module, then we have
In particular, A is CohenMacaulay as an R-module if and only if it is CohenMacaulay as an S-module. Since H * (BG, Q) and H(D) are both Noetherian * local [Ven59, GNM18] , and H(D) is finitely generated H * (BG, Q)-module, Lemma 5.8 now yields the relations in (5.1) and (5.2).
Proof of the main theorems
In this section we prove our main results. We begin by recalling some algebraic notions and facts that we need later in the proofs of preliminary lemmata. Definition 6.3. Let A be a finitely generated non-negatively graded algebra over a field k. By a homogenous system of parameters for A we mean a sequence of homogeneous elements F 1 , . . . , F n of positive degree in A such that n = Krdim(A) and A ⟨F 1 , . . . , F n ⟩ has Krull dimension 0. (1) for homogeneous elements x 1 , . . . , x n the following statements are equivalent: (i) x 1 , . . . , x n is a homogeneous system of parameters, (ii) A is an integral extension of k[x 1 , . . . , x n ].
(2) For (1) there always exist homogeneous elements x 1 , . . . , x n satisfying (i) and hence (ii).
Lemma 6.6. Let K, H be two compact Lie groups whose classifying spaces BK and BH are Sullivan spaces and let K H be a connected positively curved homogeneous space. Then the map H * (Bι)∶ H * (BK, Q) → H * (BH, Q), is surjective if and only if K H rationally is an odd-dimensional sphere, where ι∶ H → K is the inclusion map.
Proof. Let ι 0 ∶ K 0 ∩ H → K 0 . Then by Corollary 3.21, H * (Bι) is surjective if and only if H * (Bι 0 ) is surjective. Since K H ≃ K 0 K 0 ∩H, we can assume, without loss of generality, that K is connected. Moreover, let H * (BK, Q) = Q[x 1 , . . . , x k ] and H * (BH, Q) = Q[y 1 , . . . , y l ].
First assume that K H is rationally an odd-dimensional sphere and let (Q[y 1 , . . . , y l ] ⊗ Λ⟨v 1 , . . . , v k ⟩, d) be a Sullivan model for K H. Since d Q[y 1 ,...,y l ] = 0, every element in Q[y 1 , . . . , y l ] has to be exact. Using induction on the degree of the generators of H * (BH, Q), we show that H * (Bι) is surjective. First assume that for each i, 1 ≤ i ≤ l − 1, and for each j, 1 ≤ j ≤ k − 1, we have that deg y i , ≤ deg y i+1 and deg v j , ≤ deg v j+1 . Then there exists an element of the form ∑ a si v si ∈ Λ⟨v 1 , . . . , v k ⟩ such that d(∑ a si v si ) = y s for all s with deg y s = deg y 1 . Therefore, H * (Bι)(∑ a si v si ) = y s . Now suppose that for each i with deg y 1 ≤ deg y i ≤ t < deg y l , there exists z i ∈ Q[x 1 , . . . , x k ] such that H * (Bι)(z i ) = y i . To finish the proof, we show that each y i with deg y i = t + 1 lies in the image of H * (Bι). Since y i is an exact element in (Q[y 1 , . . . , y l ] ⊗ Λ⟨v 1 , . . . , v k ⟩, d), there exists an element ∑ b ij v ij + P (y 1 , . . . , y r 1 , v 1 , . . . , v r 2 ) such that
where P (y 1 , . . . , y r 1 , v 1 , . . . , v r 2 ) is a polynomial with deg y j < deg y i and deg v j < deg y i , for 1 ≤ j ≤ r 1 and 1 ≤ j ≤ r 2 , respectively. Since d(P (y 1 , . . . , y r 1 , v 1 , . . . , v r 2 )) is a polynomial in Q[y 1 , . . . , y l ] which is generated by the algebra generators whose degrees are smaller than deg y i , by the induction hypothesis, there exists z ∈ H * (BK, Q) such that H * (Bι)(z) = d(P (y 1 , . . . , y r 1 , v 1 , . . . , v r 2 ). Consequently, y i ∈ Im H * (Bι)
Conversely, assume that H * (Bι) is surjective and K H is not rationally an odd-dimensional sphere. We show that the other possibilities for K H yields a contradiction. Note that since an odd-dimensional positively curved homogeneous space whose universal covering space is a sphere is rationally nilpotent by Proposition 3.25, it has the same rational homotopy type as an odd-dimensional sphere by Proposition 3.20. First, we show that K H is not an evendimensional positively curved homogeneous space. If so, then by Lemma 6.7 we have that H * (Bι 0 ) is injective which implies that H * (K H, Q) = Q. This can only occur if K H is not simply-connected (for example, K H = RP 2n ). However, Proposition 3.28 rules out this case. Now assume that K H is odd-dimensional. We rule out the cases where the universal covering of K H is W 7 p,q or B 13 . First note that by Proposition 3.25, K H is rationally nilpotent and hence a Sullivan space by Proposition 3.18. As a result, Proposition 3.20 implies that K H has the same rational homotopy type as W 7 p,q and B 13 , respectively. Moreover, it is known that W 7 p,q ≃ Q S 2 × S 5 , and B 13 ≃ Q CP 2 × S 9 . In particular, H 1 (K H, Q) = 0 and H 2 (K H, Q) ≠ 0. Let (H * (BH, Q) ⊗ ΛV K , d) be a Sullivan model for K H. Since H 2 (K H, Q) ≠ 0, there exists a cocycle x of degree 2 in H * (BH, Q) ⊗ ΛV K which is not exact. Since H 1 (K H, Q) = 0 we have that x ∈ H * (BH, Q). Since deg x = 2 and H * (Bι) is surjective, then x = H * (Bι)(∑ a i x i ), where a i ∈ Q and x i ∈ H * (BK, Q) = Q[x 1 , . . . , x k ] with deg x i = 2. It implies, by the definition of differential of (H * (BH, Q) ⊗ ΛV K , d), that x is exact. Therefore, K H, up to the universal cover, cannot be W 7 p,q or B 13 . Lemma 6.7. Let K, H be two compact Lie groups such that K H is homeomorphic to an evendimensional positively curved homogeneous space. Assume additionally that the classifying spaces BK and BH are Sullivan spaces. Then the map
Proof. As in the proof of Lemma 6.6, H * (Bι) is injective if and only if H * (Bι 0 ) is injective, where ι 0 ∶ H 0 → K 0 . Hence, we can assume, without loss of generality, that K and H are connected.
First, we know that K H has positive Euler characteristic due to even dimension and positive curvature. Hence rk K = rk H. We denote by T a common maximal torus. Then we identify the Lie group cohomology with the invariants of the cohomology of the maximal torus under the respective Weyl group action, i.e. H * (BH, Q) = H * (BT, Q) W (H) and H * (BK, Q) = H * (BT, Q) W (K) . The map H * (Bι) is the map induced by the inclusion H ↪ K, i.e. the morphism H * (BT, Q) W (K) → H * (BT, Q) W (H) induced by the identity on the maximal torus, which then is necessarily injective, since W (H) = N H (T ) T ⊆ N K (T ) T = W (K) using the description via normalizers. Proof. Since H is a subgroup of K, we only need to prove that rank K ≤ rank H. First note that by [GM14, Corollary 2.7], we have that H * (BK, Q) and H * (BH, Q) are Cohen-Macaulay rings whose Krull dimensions are equal to their ranks. Further, since H * (Bι) is injective, H * (BK, Q) is isomorphic to a graded subalgebra of H * (BH, Q). Therefore, by Proposition 6.2, we have that rank K = Krdim H * (BK, Q) = trdeg H * (BK, Q) ≤ trdeg H * (BH, Q) = Krdim H * (BH, Q) = rank H Lemma 6.9. Let X be a closed simply-connected cohomogeneity one Alexandrov space with group diagram (G, H, K − , K + ) with BH, BK − , and BK + Sullivan spaces. Assume further that rank H < max{rank K − , rank K + }. If for the morphisms 
Therefore, there is J ⊆ {1, . . . , n}, such that x j = 1 for j ∈ J and dw = ∑ j∈J dc j , and dc γ = 0 for γ ∈ Γ = {1, . . . , n} ∖ J (Γ might be an empty set). Since C is a contractible algebra, it follows that either
We have that dw = j∈J (dv j + dη j ).
Since dw ∈ dV and dη j ∈ Λ ≥2 (V ⊕ dV ), we conclude that dη j = 0, and, since C is a contractible algebra, η j = dη ′ j . Therefore,
As a result, w = ∑ j∈J v j since d∶ V → dV is a bijection. Now we rewrite ξ as follows:
We obtain
which yields a contradiction by the choice of z.
By assumption on the rank, we have two cases: rank H = rank K − and rank H < rank K + , or rank H < rank K − = rank K + . First assume that rank H = rank K − and rank H < rank K + . Then by Lemma 6.8 there exists α ∈ H * (BK + , Q) such that ψ(α) = 0. Therefore, 0 ≠ [(0, α)] ∈ H(D). Observe that [(0, α)] is a zero divisor in H(D), for [(0, α)].[(dw, 0)] = 0. We show that [(0, α)] is not a zero-divisor in H even (D). Let there exist [(a, b)] ∈ H even (D) such that (a, b)(0, α) = d(x, y) = (dx, 0). This implies that bα = 0. Since H(BK + , Q) is a polynomial algebra, it does not have a zero-divisor. Thus b = 0. Therefore, Φ(a) = 0. If a ∈ H * (BK − , Q), since by Lemma 6.7, φ is injective, a = 0. Assume now that a ∈ H(BK − , Q) ⊗ C. Then a = ∑ x i ⊗ c i , where x i 's are elements of a basis of the Q-module H * (BK − , Q) and c i 's are of even degrees. Since (a, 0) is a cocycle, we have ∑ x i ⊗ dc i = 0. Since x i 's are basis elements,
[(dw, 0)] = 0, for by (α 1 w, 0) is well-defined and hence (α 1 dw, 0) is exact. Now we show that [(α 1 , α 2 )] is not a zero divisor in H even (D). Assume that there exists [(a, b)] ∈ H even (D) such that (a, b)(α 1 , α 2 ) = d(x, y) = (dx, 0). From bα 2 = 0 we deduce that b = 0.
If a ∉ H * (BK − , Q), but a ∈ H * (BK − , Q) ⊗ C, then as before, [(a, 0)] = 0. Let a ∈ H * (BK − , Q). Thus aα 1 ∈ H * (BK − , Q). Since aα 1 = dx, we conclude that aα 1 = 0 and hence a = 0. Lemma 6.10. Suppose that R = H(D) and S = H even (D). Then
(1) Every homogeneous regular sequence of R is a regular sequence of S.
(2) If R is Cohen-Macaulay, so is S.
Proof.
(1) Let (x 1 , . . . , x n ) be a homogeneous regular sequence in R. First note that since odd-degree elements are nilpotent, deg x i is even, for i = 1, . . . , n. Therefore, (x 1 , . . . , x n ) ∈ S. Let
where ⟨x 1 , . . . , x i−1 ⟩ S means an ideal generated by x 1 , . . . , x i−1 in S. If there exists a ∈ S such that
then since (x 1 , . . . , x n ) is a regular sequence in R, we have that a ∈ ⟨x 1 , . . . ,
Since deg a is even, we have that ∑ λ odd j x j = 0. This implies that a = deg λ j even λ even j x j ∈ ⟨x 1 , . . . , x i−1 ⟩ S .
Consequently, (x 1 , . . . , x n ) is a regular sequence in S.
(2) Let x 1 , . . . , x n be a homogeneous system of parameters, which by Proposition 6.5 always exists. Since R is Cohen-Macaulay, every homogeneous system of parameters is a regular sequence. Whence (x 1 , . . . , x n ) is a maximal regular sequence in m R = ∑ i≥1 R i . By Part (1), we have that (x 1 , . . . , x n ) is a regular sequence in m S . Thus n ≤ depth S ≤ Krdim S. To show that Krdim S ≤ n, notice that S and R are finitely generated Q-algebras. Therefore, by Proposition 6.2,
Corollary 6.11. Suppose that R = H(D) and S = H even (D). Then R is an integral extension of S if R is Cohen-Macaulay.
Proof. Let (x 1 , . . . , x n ) be a maximal regular sequence in R. Hence by Lemma 6.10, Part(2), it is a maximal regular sequence in S as well. Then by Proposition 6.5, R and S are integral extensions of Q[x 1 , . . . , x n ]. Since
Lemma 6.12. Let S be a subring of R with Krdim S = Krdim R = n. Assume further that R and S are both Cohen-Macaulay and R is an integral extension of S. Then any maximal homogeneous regular sequence of S is a regular sequence of R.
Proof. Let (x 1 , . . . , x n ) be a maximal homogeneous regular sequence of S. Then by [BH93, Corollary A.8, Page 415], we have
As a result, (x 1 , . . . , x n ) is a system of parameters in R and since R is Cohen-Macaulay, (x 1 , . . . , x n ) is a regular sequence in R.
Now we prove Theorem A.
Proof of Theorem A. We first prove the "if" part. We should mention that the idea for the proof of this part is basically a modification to the Alexandrov setting of previous work in [GR11] and [GM14] . Let rank H = rank K − = rank K + . Then one can use [GR11, Corollary 4.3] (the proof is verbatim for Alexandrov spaces) to show that X is a Cohen-Macaulay space. Now assume that Part (2) happens. Let r = max{rank K − , rank K + } = rank K − , without restriction. Then rank H = r − 1. Two cases may occur: either rank H = rank K + , or rank H < rank K + . If rank H = rank K + , then by Lemma 6.7, H * (Bι + ) is injective and K + H is an even-dimensional positively curved homogeneous space. Since the cohomology of an even-dimensional positively curved homogeneous space is concentrated in even degrees, a similar argument as in the proof of Theorem 1.1 in [GM14] shows that X is Cohen-Macaulay. If rank H < rank K + , then rank K − = rank K + . Again a similar argument as in the proof of Theorem 1.1 in [GM14] gives the result. Now we prove the "only if" part. Let the equivariant cohomology of X be Cohen-Macaulay and rank H < max{rank K − , rank K + }. By contradiction, assume that
Then by Lemma 6.8, H(D) has a zero divisor α of even degree which is not a zero divisor in H even (D). We extend α to a maximal regular sequence in H even (D). However, since X is Cohen-Macaulay, by Lemma 6.12, this regular sequence is a regular sequence of H(D) as well. This yields a contradiction since α is a zero divisor in H(D).
Example 6.13. Let us remark that there might be a certain chance to generalize the characterization from Theorem A beyond the technical assumptions of "Sullivan spaces" as the following example shows: Here, one fibre will be RP 2 , which cannot be written as a quotient of compact Lie groups K − , H with BK and BH being Sullivan spaces (see Proposition 3.28).
So consider the cohomogeneity one Alexandrov space X = RP 2 * W 7 with the group diagram
is the normaliser of S 1 in S 3 . Note that the normal fibers are
We claim that the equivariant cohomology of X is Cohen-Macaulay even though this is not implied by Theorem A. This is not surprising however since BN S 3 (S 1 ) is not a Sullivan space, for H * (BN S 3 (S 1 ), Q) = Q[t] with deg t = 4, while H * (BS 1 , Q) = Q[s] with deg s = 2 (see for example [MS75, Theorem 15.9 and Problem 15.9] and cf. Proposition 3.20). To see why X is a Cohen-Macaulay space, we slightly modify the proof of Proposition 4.5 to get the following model for X G
Since the morphism Q[u, s ′ ], 0) → (Q[t, s], 0) is both surjective and injective, then
, 0) as differential graded algebra. Therefore they have isomorphic cohomology which implies in particular that H * G (X) is a polynomial algebra, generated by three elements, and hence a Cohen-Macaulay ring as desired. Now we proceed with the proof of Theorem B. First we need the following proposition 
with the obvious induced morphisms and identities respecting the products structures.
In view of Theorem A we show that φ − +φ + is not surjective. Since neither side is surjective, we observe that there is some generators s α and t β such that t β ∈ φ − (Q[x 1 , . . . , x n ]) and s α ∈ φ + (Q[y 1 , . . . , y m ]). Let s α , t β be of minimal degree with this property.
We aim to prove that s α t β ∈ (Im φ − + φ + ). Assume the contrary, namely that there is an
is a polynomial in the t i for 1 ≤ i ≤ n, (and φ + (y j ) is a polynomial in the s i for 1 ≤ i ≤ m). We define the word-length of a polynomial in Q[t 1 , . . . , t k , s 1 , . . . , s l ] (respectively in Q[t 1 , . . . , t k ], Q[s 1 , . . . , s l ]) as the minimum wordlength of any of its non-trivial monomials-we cancel monomials as far as possible. Due to multiplicativity, without restriction, φ − (z − ) has word-length at most two (in the t i , s i ) and actually word-length one in the t i . Since φ − is the identity on the s i , 1 ≤ i ≤ m, and since φ − (x i ) ∈ Q[t 1 , . . . , t n ], we derive that this is only possible if there is, without restriction, an x i with φ − (x i ) = t α + γ (with γ ∈ Q[t 1 , . . . , t n ] of word-length at least 2 in the t i ). As t α was chosen of minimal degree, i.e. since φ − surjects onto all t i smaller than deg t α , it follows that γ lies in Im(φ − ) (since φ − is a morphism of rings). We deduce that also t α ∈ Im(φ − ) contradicting our original assumption.
Proof of Theorem B. Let F + , F − be as in Theorem B, and assume that there exists a cohomogeneity one Alexandrov space with group diagram (G, H, K − , K + ) such that the classifying spaces BH, BK ± are Sullivan spaces and the action on X is not Cohen-Macaulay. By contradiction, suppose that one of the following cases occurs:
p,q Γ, B 13 , M even } By Theorem A, we immediately rule out Item (i). Therefore, rank H < max{rank K − , rank K + }. If Item (ii) happens, then we deduce that, by the classification of positively curved homogenous spaces and by Proposition 3.25, K − H has to be rationally an odd-dimensional sphere. By Lemma 6.6, the morphism H * (Bι − ) is surjective and therefore, Im H * (Bι − ) + Im H * (Bι + ) = H * (BH, Q). Again it follows from Theorem A that the action is Cohen-Macaulay contradicting our assumption. A similar argument shows that Item (iii) cannot occur either. Now let F − , F + be positively curved homogeneous spaces such that they can be written as quotients of compact Lie groups whose classifying spaces are Sullivan spaces. We show that we can construct a cohomogeneity one Alexandrov space with group diagram (G, H, K − , K + ) and with classifying spaces BH, BK ± being Sullivan spaces such that the action on X is not Cohen-Macaulay if both the following hold:
• At most one of the spaces F + , F − is even dimensional, and • F ± H ∈ {W 7 p,q Γ, B 13 , M even }. To this end, from the list of positively curved homogeneous spaces in [WZ18] , we choose compact Lie groups G i , H i , i = 1, 2 such that F − = G 1 H 1 and F + = G 2 H 2 satisfying the conditions of the assertion. Let X = G 1 H 1 * G 2 H 2 , the spherical join of G 1 H 1 and G 2 H 2 , which by Proposition 2.9 is a cohomogeneiy one Alexandrov space with group diagram
By the choice of F ± , Lemma 6.6 implies that none of the morphisms H * (BG 1 ) → H * (BH 1 ) and H * (BG 2 ) → H * (BH 2 ) is surjective. Therefore, by Proposition 6.14 the join action on X is not Cohen-Macaulay.
We conclude this section by the proof of Theorem C.
Proof of Theorem C. Let X be a closed simply-connected smooth orbifold and G be a compact connected Lie group which acts on X by cohomogeneity one with a group diagram (G, H, K − , K + ), where the classifying spaces of the isotropy groups H, K − , and K + are Sullivan spaces. By the structure theorem for cohomogeneity one actions on smooth orbifolds [GA16] , the singular normal fibers K ± H are diffeomorphic to spherical space forms. Since K ± are in particular positively curved homogenous spaces, X is equivariantly homeomorphic to a cohomogeneity one Alexandrov space (with the same group diagram). If rank K − = rank H = rank K + , then the action is Cohen-Macaulay by Theorem A. Let rank H < max{rank K − , rank K + }. Hence, at least on the spaces K ± H is an odd-dimensional spherical space form which by Proposition 3.25, it is rationally an odd-dimensional sphere. Therefore, by Lemma 6.6, at least one of the morphisms 
Equivariant cohomology and curvature
In this section we show that for cohomogeneity one Alexandrov spaces with curv ≥ 1, the notion of Cohen-Macaulay and equivariant formality agree in most cases.
First, let us recall that for a positively curved (effective) cohomogeneity one Alexandrov G-space, as in the Riemannian case, the corank of the principal isotropy group in G is at most 2. More precisely, we have Theorem 7.1 (Rank Lemma). [GGZ] Let X be a positively curved Alexandrov space with an effective, isometric action of a compact Lie group G. If the action is of cohomogeneity one, then the following statements hold.
(1) If X is even-dimensional, then the corank of at least one of the non-principal isotropy groups is zero, and the corank of the principal isotropy group is 1.
(2) If X is odd-dimensional, then either the corank of at least one of the non-principal isotropy groups is 1, and the corank of the principal isotropy is 2, or the coranks of all isotropy groups are zero.
First we characterize cohomogeneity one Alexandrov spaces with curv ≥ 1 in terms of Euler characteristics and the coranks of the isotropy groups. Using the additivity properties of the Euler characteristic together with the double mapping cylinder decomposition, and drawing on the fact that a homogenous space G H with G a compact Lie group has positive Euler characteristic if and only if rank H = rank G (see [Wan49] ), we directly deduce the subsequent proposition from the Rank Lemma 7.1.
Proposition 7.2. Let X be a cohomogeneity one Alexandrov space with curv ≥ 1 and with group diagram (G, H, K − , K + ). Then
(1) χ(X) > 0 if and only if either X is even dimensional, or X is odd dimensional, the coranks of all isotropy groups are zero, and the Euler characteristic of at least one of the normal spaces of directions at the singular orbits is 1.
(2) χ(X) = 0 if and only if X is odd dimensional and one of the following applies:
(a) The coranks of all isotropy groups are zero and the Euler characteristics of the normal spaces of directions at singular orbits are both equal to 2, or, (b) the corank of at least one of the non-principal isotropy groups is 1, and the corank of the principal isotropy group is 2. (3) χ(X) < 0 if and only if X is odd dimensional, the coranks of all isotropy groups are zero, and at least one of the two Euler characteristics of the normal spaces of directions at the singular orbits is at least 2, and the Euler characteristic of the normal space of directions at the other singular orbit is at least 3, i.e. without restriction χ(K + H) ≥ 3 and χ(K − H) ≥ 2 Proposition 7.3. Let X be a cohomogeneity one Alexandrov space with curv ≥ 1. Then we deduce:
(1) If X is even dimensional, then X is Cohen-Macaulay if and only if it is equivariantly formal.
(2) If X is odd dimensional and χ(X) ≠ 0, then X is Cohen-Macaulay if and only if it is equivariantly formal. (3) If X is odd dimensional, χ(X) = 0 and X is equivariantly formal then either there exists a singular normal fiber homeomorphic to CP 3 Z 2 or X is equivariantly homeomorphic to a smooth manifold.
Proof. From [GM14, Proposition 2.9] we recall that when the rank of one of H, K ± equals the rank of G, the cohomogeneity one G-action is equivariantly formal if and only if it is Cohen-Macaulay. Hence Part (1) follows from the Rank Lemma. Part (2) is a direct consequence of Proposition 7.2, Items (1) and (3). As for Part (3) we again use [GM14, Proposition 2.9] to see that Proposition 7.2, Item (2a) applies. First assume that without restriction K + H is odd-dimensional. Hence, its Euler characteristic vanishes, contradicting Item (2a) of Proposition 7.2. Therefore, both K ± H are even dimensional, and, due to Synge, their fundamental groups are in {0, Z 2 }. If both are simply-connected, they are spheres, as their Euler characteristics are 2 by Item (2a) of Proposition 7.2. Hence X is a smooth manifold. If this is not the case, then due to [WZ18] , they are universally covered by flag manifolds, i.e. spaces of Euler characterstics χ(W 6 ) = χ(W 12 ) = χ(W 24 ) = 6, or by CP 2n+1 (for n ≥ 0) respectively by even dimensional spheres. By the multiplicativity of the Euler characteristic in coverings of finite CW-complexes, we deduce that the only space other than (simply-connected) spheres, which may appear as a normal fibre with Euler characteristic two is CP 3 Z 2 . (In case fibres are spheres, the space is a manifold.) Example 7.4. An odd-dimensional cohomogeneity one Alexandrov space with vanishing Euler characteristic and equivariantly formal G-action, for example, is given by the suspension Susp(CP 3 Z 2 ) of CP 3 Z 2 with group diagram (Sp(2), Sp(1)U (1) ⋅ Z 2 , Sp(2), Sp(2)).
